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0735-1933/© 2016 The Authors. Published by Elsevier Ltda b s t r a c ta r t i c l e i n f oAvailable online 16 April 2016 Knowing how heat “ﬂows” inside a structure is signiﬁcant for designers to make sure that the structure will per-
form its intended heat conduction function properly. This paper describes the principle and the process of deﬁn-
ing an optimal topology for heat conduction by interpreting the heat ﬂow paths obtained from a standard ﬁnite
element analysis. First, a simple equilibrium equation is introduced to characterize heat ﬂow paths along which
the heat transfer rate remains constant as it traverses the conduction domain. Then, mathematical properties of
the path plots are discussed in detail, providing designers with an insight of what kind of path distribution is the
best for heat conduction. A brand new optimizer is developed to sketch the most effective topology by homoge-
nizing the spacing of heat ﬂow paths across the conduction domain. Finally, the optimization procedure is illus-
trated in a directive and descriptive way, where the well-known dichotomic constructal tree is selected as the
initial layout to be tested. Unlike the conventionalmethods, the new approach needs neither the sensitivity anal-
ysis nor the modiﬁcation of the existing ﬁnite element programs, it is very straightforward to use in practice.
© 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).Keywords:
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In electronic engineering or micro-electronic instruments, the issue
of how to effectively cool the heat generating volume or surface has
attracted more and more attention. One common and cost-effective so-
lution is based on inserting certain quantity of high conductivity mate-
rial in the heating region to collect and discharge the generated heat to a
heat sink by heat conduction. The cooling effectiveness is dependent not
only on the quantity and quality of high conductivity material but also
on the topological arrangement of high conductivity link inside the
heat generating region. At this background, the planning of heat con-
duction paths is a fascinating problem for designers. However, it is
also a difﬁcult problem to fully harness the cooling potential of the
added high conductivity material, especially when the thermal loading
condition is complicated.
When pressed with engineering puzzles, human often draw guid-
ance and inspiration from the natural world. A well-known case is the
constructal theory proposed by Bejan [1–3], inwhich tree-like networks
are assembled iteratively to form an optimal conﬁguration so that the6
. This is an open access article underoverall thermal resistance is minimized for heat conduction. Despite
its great application potential, most of the cooling channels predicted
from the constructal theory bifurcate regularly and rigidly, which may
be geometrically far from the true optimal layout. With the increasing
variety of electronic chips and diversities of cooling requirements, ﬂex-
ible design of heat conduction paths is needed. Since the idea of layout
optimization has been presented as a problem of searching for the opti-
mal material distribution [4,5], topology optimization has become the
most powerful tool for structure design. In recent decades, topology op-
timization has been developed formore andmore complex scenarios. In
general, there are two broad categories of topology optimization used
for heat conduction design. One is the microstructure based approach,
like the homogenization designmethod (HDM) [6,7], the solid isotropic
microstructureswith penalization (SIMP)method [8–10], etc. The other
is the geometry approach, like the evolutionary structural optimization
(ESO) method [11,12], the bidirectional ESO (BESO) method [13], the
level set (LST) method [14–16], the cellular automation (CA) method
[17], and so on. More details about the topology optimization for heat
conduction design can be found in [18].
Although the literature on heat conduction optimization and the
technologies that underpin it are growing fast, there is little available
on how a designer creates the conduction topology by optimizing the
distribution pattern of heat ﬂow paths. In fact, a well-designed heat
ﬂow paths can deliver better topologies for heat conduction. The suc-
cessful analysis on heat ﬂow paths in topology optimization wouldthe CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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strategy and a proﬁcient topology identiﬁcation algorithm. With all
these taken into consideration, this paper addresses the creation of
heat conduction topology from a different perspective, the perspective
of heat ﬂow paths identiﬁcation. The design idea takes inspiration
from an analogy of streamlines in hydromechanics [19,20]. Such a sim-
ple analogy appears to provide insights on the way of how a structure
conducts heat, and facilitate the suppression of redundant features in
topology optimization, which can be considered as a great improve-
ment compared with other optimization methods.
The layout of this paper is as follows. We ﬁrst describe the funda-
mental theory of heat ﬂow paths in Section 2. Mathematical properties
of the path plots are then explained in detail. A new evolutionary algo-
rithm is developed for heat conduction design. Key details about the al-
gorithmare provided in Section 3. Numerical examples are presented in
Section 4. The main ﬁndings of the research work are concluded in
Section 5.
2. Fundamental theory
Suppose that an arbitrary linear thermal conductor occupies domain
Ω, where Dirichlet boundary ΓT (i.e., temperature boundary, T0) and
Neumann boundary Γq (i.e., heat ﬂux boundary, q) are pre-speciﬁed. A
heat ‘stream tube’ is introduced, which inherits properties similar to
that of a ﬂuid stream tube, for instance, no heat (ﬂuid) should cross
the tube boundaries such that the equilibrium is satisﬁed over the tube.
Φa ¼ Φb ð1Þ
where Φa and Φb are the heat transfer rate at the section AC and BD,
respectively.
An arbitrary segment of unit area taken from the tube boundary is
shown in Fig. 1, in which the vector n is the normal vector of the bound-
ary and is given by
n ¼ nx  iþ ny  j þ nz  k and n2x þ n2y þ n2z ¼ 1 ð2Þ
where i, j, and k are the unit vector in the X, Y, and Z directions,
respectively.
The heat ﬂux Q at every point in the domain Ω is expressed as
Q ¼ qx  iþ qy  j þ qz  k ð3Þ
where qx, qy, and qz are the value of heatﬂux in theX, Y, and Z directions,
respectively.
The heat transfer rate at the arbitrary plane can be obtained by inte-
grating the heat ﬂux:
Φ ¼
Z
Q  n dA ð4Þ
where the dot indicates the vector dot product.Fig. 1. Construction of tThe requirement for deﬁning the heat ﬂow paths is actually to
create a heat tube in which there is no contribution to the heat
transfer rate on its boundaries AB and CD. For boundary AB, this re-
quires
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Eq. (6) is achieved if the tangent lines of every points on bound-
aries AB and CD are parallel to the corresponding heat ﬂux vector
Q. This means the heat ﬂow paths can be obtained by tailoring the
local angular orientation of the heat tube boundaries. A numerical in-
tegration scheme is employed to plot the contours through the
pointing vector ﬁeld. Unlike the commonly used fourth-order
Runge–Kutta algorithm, the approach used in this research is not
time independent but space independent, which means the time
discretization, Δ t, is replaced by the scalar spatial discretization, Δ l,
in order to represent a small increment along the heat ﬂow path, as
shown in Eq. (7):
V ¼ ∂x
∂l
 iþ ∂y
∂l
 j þ ∂z
∂l
 k ð7Þ
where V is the pointing vector ﬁeld deﬁned over the conduction
domain Ω.
The ﬁeld of pointing vectors can be ﬁrst deﬁned by averaging the
elemental values of heat ﬂux onto the nodes embedded in the ﬁnite
element mesh. Then the vector at any arbitrary point in the domain
Ω can be obtained by relating the point with an element and then in-
terpolating from the corresponding nodal values. Suppose that Pi(xi,
yi, zi) is the initial point, a new point Pi+1(x i+1, y i+1, z i+1) can be
positioned by the modiﬁed Runge–Kutta scheme. The coordinates
of the new point ζi+1(ζ = x, y, z) is a weighted sum of ζi and dζj
(j = 1, 2, 3, 4). There are four values of dζj; each new value is calcu-
lated at a location that depends on the previous one, as shown in
Eqs. (8) and (9):
dζ1 ¼
∂ζ
∂l

ζn
Δl dζ2 ¼
∂ζ
∂l

ζnþdζ12
Δl
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Δl
ζ ¼ x; y; zð Þ ð8Þ
ζ iþ1 ¼ ζ i þ
1
6
dζ1 þ 2dζ2 þ 2dζ3 þ dζ4ð Þ ζ ¼ x; y; zð Þ ð9Þhe heat ﬂow paths.
Fig. 2. Optimization of 2-D heat tube with variable cross-sectional area.
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3.1. Mathematical properties
To explore the relationship between the conduction efﬁciency and
the path distribution pattern, an arbitrary segment of a certain heat
tube is cut out from the conduction domain, where the curve L refers
to the boundary of the heat tube staring from point A(x1,y1) to point
B(x2,y2), while the curve L′ is another boundary of the heat tube, as
shown in Fig. 2.
The thermal resistance of the selected heat tube is given by
Rtube ¼
Z x2
x1
1= k  A xð Þ½  dl ð10Þ
where k is the thermal conductivity, and A(x) is the cross sectional area.
Suppose that the heat tube is of unit thickness, the thermal resis-
tance can be rewritten as
Rtube ¼
Z x2
x1
1
k  g xð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ f 0 xð Þ 2
q
dx ð11Þ
where g(x) is the normal distance from the curve L to curve L′, f(x) is the
geometric function of the curve L, and f′(x) is the ﬁrst-order derivative
of the function f(x).
The heat conduction design can be considered as tailoring the shape
of heat tube boundaries (heat ﬂow paths) to obtain theminimum ther-
mal resistance if the overall volume of the heat tube is ﬁxed, which is
shown as follows:
Design objective: Rtube→min ð12Þ
Design constraints: V tube−V0 ¼ 0 and g xð ÞN0 ð13Þ
Design variables: g xð Þ ð14Þ
where V0 is the heat tube volume,which is a constant value, as shown in
Eq. (15).
Z x2
x1
g xð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ f 0 xð Þ 2
q
dx ¼ V0 ð15Þ
This is a variational problem, and the Euler function is constructed as
follows:
∂F
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þ λ ∂G
∂g
−
d
dx
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 
¼ 0 ð16Þwhere
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G ¼ g xð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ f 0 xð Þ 2
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ð18Þ
Substituting Eqs. (17) and (18) into Eq. (16), we can get Eq. (19):
λk−
1
g2 xð Þ ¼ 0 ð19Þ
Eq. (19) is completely unrelated with the geometric function f(x)
and such equation is true when and only when g(x) is a constant func-
tion. That means themost efﬁcient path for heat conduction is a path of
constant cross-sectional area starting from the point of heat sources to
the point of heat sinks. The thermal equilibrium is satisﬁed locally
along any segment of the heat tube boundaries, thus we have
ΔΦ ¼ g xð Þ  Q x; yð Þj j ð20Þ
The distribution uniformity of the heat ﬂow paths indicates
changing heat ﬂux Q, if the path narrows, the ratio of the heat
transfer rate to the cross-sectional area gives the higher heat
ﬂux and therefore leads to a higher temperature gradient which
is difﬁcult for conduction. In a sense, the distribution uniformity
should be a critical feature to be optimized in the heat conduc-
tion design.
3.2. Evolutionary algorithm
As described above, design improvement for heat conductionwill be
achieved if the distribution of heat ﬂow paths is homogenized. To get
this goal, the following algorithm is developed using the basic concept
of the bi-directional evolutionary structural optimization method
(BESO) [21], in which elements within the design domain can either
be added or reduced.
Step_1: Themaximum allowable domain is speciﬁed. Relative parame-
ters are deﬁned including the maximum Kmax and the mini-
mum Kmin of the thermal conductivity, the required volume
fraction (β b 1), as well as the rejection ratio (0 ≤ RR ≤ 1) and
inclusion ratio (0 ≤ IR ≤ 1).
Step_2: Establish the ﬁnite elementmodel and carry out a linear analy-
sis. The distribution uniformity of the heat ﬂow paths is speci-
ﬁed as the optimization criterion. The magnitude of the heat
ﬂux at the centroid of each element is extracted (denoted as
|Qi |) and used to evaluate the paths distribution uniformity.
Fig. 3. Simulation to conﬁrm the straightening effect of heat ﬂow paths.
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as a benchmark (denoted as |Q |max).
Step_3: Elements with high conductivity material (Kmax) are selected
as the starting physical domain. Elements will be removed
from the uneven distributed regions if they satisfy Eq. (21), in
which thematerial is driven to Kmin forcing the paths to distrib-
ute homogeneously in a new FEA.
Q ij j
Qj jmax ≤RR ð21Þ
Step_4: During the computation, the selected elements fall into
two groups, one at Kmax and the other at Kmin. After sever-
al iterations, if a state is reached where no element in the
domain can satisfy Eq. (21), the rejection ratio would be
updated by Eq. (22) for the optimization process to
continue.
RR ¼ RR þ IR ð22Þ
Step_5: Update the FE model and carry out a ﬁnite element analysis
again. The heat ﬂux vector is updated for each element and
used to form an ordered list according to their magnitudes.
The material of elements that are assigned with the minimum
conductivity (Kmin) is driven to Kmax from the top of the list
until the required fraction (ξ= 0.005) is reached.
Step_6: Step 2 through step 5 are repeated until the volume constraint
is reached.Fig. 4. Layout 1 evolution from3.3. Test for straightening effect of heat ﬂow paths
In fact, the suggested algorithm is capable of straightening the
curved heat ﬂow paths so as to make it possible for minimizing the in-
efﬁcient heat conduction mechanisms. To conﬁrm this characteristic, a
simple case is conducted in this part. The design domain is a rectangle
of 100mm× 60mm. The FEmodel is constructed by Plane 55 elements
with the tool of ANSYS APDL. The mesh grid size is deﬁned as
0.5 mm × 0.5 mm. A constant heat input q (0.25 W) is speciﬁed at
boundary Γin, a temperature T= 0 °C is imposed at boundary Γout, and
the boundary Γwall is set as adiabatic. The blue region refers to elements
with themaximum thermal conductivity (Kmax=200W/(m ∙K)), while
the green region refers to those with the minimum thermal conductiv-
ity (Kmin=0.5W/(m ∙K)). At the very beginning, the conduction path is
designed to follow a curved trajectory (an inappropriate conduction to-
pology), and then the algorithm is applied to identify the optimal con-
duction topology without changing the material volume fraction
(β=30%).
Fig. 3 illustrates the changing history of the heat ﬂow paths. It can be
observed that the optimizer changes the layout of the highly conductive
material link by homogenizing the spacing of heat ﬂow paths and con-
verges toward the ﬁnal conﬁguration, which turns out to be a straight-
ened conduction path. In this way, the heat ﬂux becomes equally
distributed across the frontier between high and lowconductivitymate-
rials. As a result, a decrease of the maximum temperature is expected.
Although the most efﬁcient topology for heat conduction is a
straightened path, heat ﬂow paths are usually forced to follow curved
trajectories dictated by the domain geometry or the distribution of ther-
mal loads. It can be expected that homogenizing heat ﬂow paths where
temperature gradients are high against the material frontier will sup-
port the emergence of conduction topology toward high temperature
region and will locally facilitate the heat conduction.4. Case study
To demonstrate the optimization procedure in a directive and de-
scriptive way, the constructal-theory network is selected as the initial
layout (Layout 1) to be evolved. The design procedure of the Layout 1
will not be repeated here, detailed explanation can be found in [1].
Note that Layout 1 is a constructal tree, whereas Layout 2 has the
same deﬁnition in terms of k (200 W/(m ∙K)) and β (20%) as that of
the Layout 1 but initialized randomly instead of the classical dichotomicthe 1st to the 150th step.
Fig. 5. Layout 2 evolution from the 1st to the 150th step.
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impact of initial layout on the ﬁnal conduction topology calculated.
Figs. 4 and 5 give the evolution of both the conduction topology and
heat ﬂow paths for Layouts 1 and 2, respectively.
For a certain initial layout of the high conductivity material, the sug-
gested algorithm leads to a primary V-shaped topology, which is similar
to those produced by Dirker and Meyer [22] and Errera and Bejan [23].
Heat ﬂow paths in the ﬁnal obtained topologies distribute more
homogeneous compared to those in the initial designs, indicating the
V-shaped topology is the most effective layout to heat conduction for
a square domainwith a small exposed isothermal boundary as regarded
in this case. Final topologies obtained for Layouts 1 and 2 are somewhat
similar in global but diverse in detail. The ﬁnal maximum temperature
of Layout 2 is 10.36% higher than that of the Layout 1. This might be be-
cause the initial Layout 1 is already a near-optimized result by the
constructal theory, whereas Layout 2 is an unspeciﬁed collection of
isolated conductive isles. Even so, the ﬁnal maximum temperature of
Layout 2 is 8.95% lower compared to that of the initial maximum tem-
perature of Layout 1. This means the suggested algorithm is at least as
efﬁcient as the constructal theory in this case.
5. Conclusions
This paper explores the challenges faced in designing an optimal to-
pology for heat conduction. A procedure for graphical representation of
heat ﬂow paths is developed and demonstrated, highlighting relative
importance of various parts of the domain in heat conduction. Based
on this, a brand new optimizer is developed to sketch themost effective
layout to reduce themaximum temperature level. By homogenizing the
heat ﬂow paths distribution, the high conductivity material evolves
step-by-step and forms at convergence a conﬁguration, where the tem-
perature gradients at the frontier between high and low conductivity
materials are equalized. The unique features of the suggested method
include its capability of creating a distinct heat conduction topology
without mathematical sophistication. Since there is no optimality con-
dition imposed in the solution process, the approach may not give an
ideal optimum solution in a strictmathematical point of view; however,
it provides paths toward optimum designs. The heat ﬂow paths can be
obtained from a standard ﬁnite element analysis, and optimization
with the suggested algorithm can be conducted as an external loop to
any standard ﬁnite element package. Therefore, it is easy to be used
for the design of conductive cooling schemes in various thermal engi-
neering scenarios.Acknowledgments
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